Abstract. We study induced representations of Hilbert modules over locally C*-algebras and their non-degeneracy. We show that if V and W are Morita equivalent Hilbert modules over locally C*-algebras A and B, respectively, then there exists a bijective correspondence between equivalence classes of non-degenerate representations of V and W .
A = lim
← −p A p , i.e., the locally C*-algebra A can be identified with lim ← −p A p . The canonical map from A onto A p is denoted by π p and a p is reserved to denote a + N p . A morphism of locally C*-algebras is a continuous morphism of * -algebras. An isomorphism of locally C*-algebras is a morphism of locally C*-algebras which possesses an inverse morphism of locally C*-algebras.
A representation of a locally C*-algebra A is a continuous * -morphism ϕ : A → B(H),
where B(H) is the C*-algebra of all bounded linear maps on a Hilbert space H. If (ϕ, H) is a representation of A, then there is p ∈ S(A) such that ϕ(a) ≤ p(a), for all a ∈ A. The representation (ϕ p , H) of A p , where ϕ p • π p = ϕ is called a representation of A p associated to (ϕ, H). We refer to [5, 11] for basic facts and definitions about the representation of locally C*-algebras.
In this case, lim ← −p E p is a Hilbert A-module which can be identified with E. Let E and F be Hilbert A-modules and T : E → F an A-module map. The module map T is called bounded if for each p ∈ S(A) there is k p > 0 such thatp F (T x) ≤ k ppE (x) for all x ∈ E.
The module map T is called adjointable if there exists an A-module map T * : F → E with the property T x, y = x, T * y for all x ∈ E, y ∈ F. It is well-known that every adjointable map is bounded. The set L A (E, F ) of all bounded adjointable A-module maps from E into F becomes a locally convex space with the topology defined by the family of seminorms {p} p∈S(A) , wherep(T ) = (π p ) * (T ) L Ap (Ep,Fp) and (π p ) * :
by (π p ) * (T )(ξ + N E p ) = T ξ + N F p for all T ∈ L A (E, F ), ξ ∈ E. For p, q ∈ S(A) with p ≥ q, the morphisms (π pq ) * : L Ap (E p , F p ) → L Aq (E q , F q ) defined by (π pq ) * (T p )(σ E q (ξ)) = σ F pq (T p (σ E p (ξ))) induce the inverse system
topologizing, L A (E, E) becomes a locally C*-algebra which is abbreviated by L A (E). The set of all compact operators K A (E) on E is defined as the closed linear subspace of L A (E) spanned by {θ x,y : θ x,y (ξ) = x y, ξ for all x, y, ξ ∈ E}. This is a locally C*-subalgebra and
Let V and W be Hilbert modules over locally C*-algebras A and B, respectively, and
with the inner product given by x ⊗ y, z ⊗ t = y, Ψ( x, z )t . We denote by V ⊗ Ψ W the completion of V ⊗ A W , cf. [9] for more detailed information.
Induced representations of Hilbert modules
In this section, we first study induced representations of Hilbert C*-modules and then we reformulate them in the context of Hilbert modules over locally C*-algebras.
Let H and K be Hilbert spaces. Then the space B(H, K) of all bounded operators from H into K can be considered as a Hilbert B(H)-module with the module action (T, S) → T S, T ∈ B(H, K) and S ∈ B(H) and the inner product defined by T, S = T * S, T, S ∈ B(H, K). Murphy [13] showed that any Hilbert C*-module can be represented as a submodule of the concrete Hilbert module B(H, K) for some Hilbert spaces H and K. This allows us to extend the notion of a representation from the context of C*-algebras to the context of Hilbert C*-modules. Let V and W be two Hilbert modules over C*-algebras A and B, respectively, and ϕ : A → B be a morphism of C*-algebras. A map Φ : V → W is said to a
is a representation of V , we assume that an associated representation of A is denoted by the same lowercase letter ϕ, so we will not explicitly mention ϕ. Let Φ : V → B(H, K)
be a representation of a Hilbert A-module V . We say Φ is a non-degenerate representation 
Representations of Hilbert modules have been investigated in [1, 3, 19] . 
for all x ∈ V . Then we have
for every x, y ∈ V and h ∈ H 1 . Since V is full, we conclude that U 1 ϕ 1 (a)h = ϕ 2 (a)U 1 h for every a ∈ A and h ∈ H 1 , and consequently, ϕ 1 and ϕ 2 are unitarily equivalent.
Skeide [19] recovered the result of Murphy by embedding every Hilbert A-module E into a matrix C*-algebra as a lower submodule. He proved that every representation of B induces a representation of E. We describe his induced representation as follows.
Construction 3.2. Let B be a C*-algebra and E a Hilbert B-module and ϕ : B → B(H) a * -representation of B. Define a sesquilinear form ., . on the vector space E ⊗ alg H by [19, Proposition 3.8] , the sesquilinear form is positive and so E ⊗ alg H is a semi-Hilbert space. Then (E ⊗ alg H)/N ϕ is a pre-Hilbert space with the inner product defined by
where N ϕ is the vector subspace of E ⊗ alg H generated by {x⊗h ∈ E ⊗ alg H : x⊗h, x⊗h = 0}. The completion of (E ⊗ alg H)/N ϕ with respect to the above inner product is denoted by E H. We identify the elements x ⊗ h with the equivalence classes
, and so η ϕ is a representation of E. Proof. Suppose U :
Then id E ⊗ U :
and η ϕ 2 are unitarily equivalent. Hilbert space E H. In view of Construction 3.2, the representation Suppose A is a locally C*-algebra, V is a Hilbert A-module and ϕ : A → B(H) is a representation of A on some Hilbert space H. Suppose p ∈ S(A) and ϕ p is a representation of A p associated to ϕ; then there exist a Hilbert space K and a representation Φ p : V p → B(H, K) which is a ϕ p -morphism. For details we refer to the proof of [13, Theorem 3.1] . It is easy to see that the map Φ :
) is a ϕ-morphism, i.e., it is a representation of V . Lemma 3.6. Let V be a Hilbert module over locally C*-algebra A and Φ : V → B(H, K) a representation of V . If p ∈ S(A) and ϕ p is a representation of A p associated to ϕ, then
is a ϕ p -morphism. Specifically, Φ p is a representation of V p and Φ is non-degenerate if and only if Φ p is. In this case, we say that Φ p is a representation of V p associated to Φ.
, which shows Φ p is well-defined. We also have
Then, by definition of Φ p , the representation Φ is non-degenerate if and only if Φ p is nondegenerate.
Let V and W be two full Hilbert modules over locally C*-algebras A and B, respectively.
Let E be a Hilbert B-module, Ψ : A → L B (E) a non-degenerate continuous * -morphism and Φ : W → B(H, K) a non-degenerate representation of W . We construct a non-degenerate representation from W to V via E as follows.
Construction 3.7. We define a sesquilinear form ., . on the vector space E ⊗ alg H by x ⊗ h, y ⊗ k = h, ϕ( x, y )k H and make the Hilbert space E H as in Construction 3.2. The
is a representation of A. The representation ( E H, A E ϕ) is called the Rieffel induced representation from B to A via E, cf. [11] . Since A acts as an adjointable operator on Hilbert B-module E, we can construct interior tensor product V ⊗ Ψ E as a Hilbert B-module. Hence, we find the
is a bilinear form and so there is a unique linear transformation E Φ(v) : E ⊗ alg H → V ⊗ Ψ E H which can be extended to a bounded linear operator V E Φ(v) from E H to V ⊗ Ψ E H. To see this, suppose q ∈ S(B), x ∈ E, h ∈ H and (ϕ q , H) is a representation of B q associated to (ϕ, H).
We have
The following equalities hold for every v, v ′ ∈ V, x, x ′ ∈ E and h, h
A E ϕ-morphism and so it is a representation of V . We now show that V E Φ is non-degenerate. To see this, recall that Ψ(A)(E) = E and V, V = A, which imply Ψ( V, V )(E) = E. Suppose x, x ′ ∈ E and h ∈ H, we have Proof. Continuity of Ψ implies that there exists p ∈ S(A) such thatq(Ψ(a)) ≤ p(a) for each
If Φ q is a non-degenerate representation of W q associated to Φ, then 
for all x ∈ E and h ∈ H. Then U 1 can be extended to a bounded linear operator, which is again denoted by U 1 from E H onto Eq H. It is easy to see that U 1 is a unitary operator.
We define the linear map
and so U 2 can be extended to a bounded linear operator Proof. Let q, q ′ ∈ S(B), (ϕ 1 q , H 1 ) be a representation of B q associated to ϕ 1 and let (ϕ 2 q ′ , H 2 ) be a representation of B q ′ associated to ϕ 2 . Consider r ∈ S(B) such that q, q ′ ≤ r. By Theorem 3.9, there exists p ∈ S(A) such that A p acts non-degenerately on E r and the Proof. Let q ∈ S(B) and Φ q : W q → B(H, K) be a representation of W q associated to Φ.
q (w)) = 0 and so Φ(w) = 0. Since Φ and ⊕ i∈I Φ i are unitarily equivalent, we conclude that ⊕ i∈I Φ i (w) = 0 and therefore, Φ i (w) = 0 for each i ∈ I. It proves that Φ i q is well-defined for any i ∈ I. It is easy to see that Φ q is unitarily equivalent to ⊕ i∈I Φ i q .
By Theorem 3.9, there exists p ∈ S(A) such that A p acts non-degenerately on E q and the 
The imprimitivity theorem for Hilbert modules
In this section, we introduce the concept of Morita equivalence between Hilbert modules over locally C*-algebras and give a module version of the imprimitivity theorem.
Let A and B be locally C*-algebras. We say that A and B are strongly Morita equivalent, written A ∼ M B, if there is a full Hilbert A module E such that locally C*-algebras B and K A (E) are isomorphic. Joita [10, Proposition 4.4] showed that strong Morita equivalence is an equivalence relation in the set of all locally C*-algebras. The vector spaceẼ := K A (E, A) is a full Hilbert K A (E)-module with the following action and inner product
Since locally C*-algebras B and K A (E) are isomorphic,Ẽ may be regarded as a Hilbert Proof. Let p ∈ S(A) and Φ p be a non-degenerate representation of V p associated to Φ. Using We now reformulate the imprimitivity theorem within the framework of Hilbert modules as follows. 
